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REGULATORS FOR RANKIN-SELBERG PRODUCTS OF MODULAR FORMS 


FRANgOIS BRUNAULT AND MASATAKA CHIDA 


Abstract. We prove a weak version of Beilinson’s conjecture for non-critical values of L-functions for the 
Rankin-Selberg product of two modular forms. 


Introduction 

In his fundamental paper [21 §6], Beilinson introduced the so-called Beilins on-Flach elements in the higher 
Chow group of a product of two modular curves and related their image under the regulator map to special 
values of Rankin L-series of the form L{f ® g,2), where / and g are newforms of weight 2, as predicted by 
his conjectures on special values of L-functions. These elements were later exploited by Flach [n] to prove 
the finiteness of the Selmer group associated to the symmetric square of an elliptic curve. More recently, 
Bertolini, Darmon and Rotger [4] established a p-adic analogue of Beilinson’s result, while Lei, Loeffler and 
Zerbes m constructed a cyclotomic Euler system whose bottom layer are the Beilinson-Flach elements. 
These results have many important arithmetic applications ([5], my 

Our aim in this paper is to define an analogue of the Beilinson-Flach elements in the motivic cohomology 
of a product of two Kuga-Sato varieties and to prove an analogue of Beilinson’s formula for special values of 
Rankin L-series associated to newforms / and g of any weight > 2. More precisely, we prove the following 
theorem. 

Theorem 0.1. Let f € Sk+ 2 (Li{Nf),Xf) and g E Si+ 2 {L'i{Ng),Xg) be newforms with k,£ > 0. Assume 
that the Dirichlet character x modulo N = lcm{Nf,Ng) induced by XfXg Is non-trivial. Let j be an integer 
satisfying 0 < j < min{A:,.^}. Assume that the automorphic factor Rf^g^NU + 1) defined in S'ection 0 is 
non-zero (this holds for example if gcd{Nf, Ng) = 1 or if k + £ — 2j ^ {0,1, 2} ). Then the weak version of 
Beilinson’s conjecture for L{f iSig,k + £ + 2 — j) holds. 

The range of critical values (in the sense of Deligne) for the Rankin-Selberg L-function L{f (8> g, s) is given 
by min{/c, £} -\- 2 < s < max{fe, £} 1, so that our L-value L{f ^ g,k -\- £ -\- 2 — j) is non-critical. In fact, 

the integers 0 < j < min{/c,f} are precisely those at which the dual L-function L{f* (8) o'*, s -|- 1) vanishes at 
order 1. 

We refer to Theorem 16.41 for the explicit formula giving the regulator of our generalized Beilinson-Flach 
elements. In the weight 2 case, an explicit version of Beilinson’s formula for L(/ ^ g,2), similar to Theorem 
16.41 was proved by Baba and Sreekantan [T] and by Bertolini, Darmon and Rotger [4]. In the higher 
weight case, a similar formula for the regulator of generalized Beilinson-Flach elements was proved by Scholl 
(unpublished) and recently by Kings, Loeffler and Zerbes [T7]. As a difference with m, we work directly with 
the motivic cohomology of the Kuga-Sato varieties (instead of motivic cohomology with coefficients), and we 
prove that our generalized Beilinson-Flach elements extend to the boundary of the Kuga-Sato varieties (see 
Sections [7] and [8]). Another interesting problem is the integrality of the generalized Beilinson-Flach elements. 
In the case / and g have weight 2, Scholl proved that if g is not a twist of /, then the Beilinson-Flach elements 
belong to the integral subspace of motivic cohomology [221 Theorem 2.3.4]. We do not investigate integrality 
in this article, but it would be interesting to do so using Scholl’s techniques. 

The plan of this article is as follows. In Section [U we recall the statement of Beilinson’s conjecture for 
Grothendieck motives. In Section[21 we recall some basic results about motives of modular forms and describe 
explicitly the Deligne cohomology group associated to the Rankin product of two modular forms. After 
recalling Beilinson’s theory of the Eisenstein symbol (Section [3]), we construct in Section 0] special elements 
H^’^’'^(/3) in the motivic cohomology of the product of two Kuga-Sato varieties. After recalling standard 
facts about the Rankin-Selberg L-function (Section [5|), we compute the regulator of our elements H^’^’'? (/3) 
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in Section [6l We then show in Sections [7] and [U using motivic techniques, that a suitable modification of 
the elements extends to the boundary of the Kuga-Sato varieties. Finally, we give in Section [9] the 

application of our results to Beilinson’s conjecture. 

We would like to thank Frederic Deglise and Jorg Wildeshaus for very stimulating discussions on the 
topic of motives. We also thank Jan Nekovaf for helpful discussions and comments on our work. The second 
author is partly supported by JSPS KAKENHI Grant Number 23740015 and the research grant of Hakubi 
project of Kyoto University. 


1. Beilinson’s conjecture 

Let X be a smooth projective variety over Q. For a non-negative integer i and an integer j, let 
be the motivic cohomology and be the Deligne cohomology. Then one can 

define natural Q-structures Bij and Vij in detiR(iL^^(XR,]R(j))) (see Deninger-Scholl [ini 2.3.2] or Nekovaf 
[191 (2.2)]). Denote the integral part of motivic cohomology by H^{X,Q{j))z- Then Beilinson defined the 
regulator map 

rv : i7j(!,Hx,Q(j)) ^ Hj^\X^Mj)) 

and formulated a conjecture for the special values of the L-function L(/i*(X),s) as follows. 

Conjecture 1.1 (Beilinson [2]). Assume j > {i-\-2)/2. 

(1) The map rx> (8) M : Wj^^{X,Q{j))z <8 M —)• F7^^(Xr, M(j)) is an isomorphism. 

(2) WehaverT,idetWj+\X,Q{j))z) = L{h^{X),j)-Vij = L*{h\X),i + l-j)■B^J, where L*{h^{X),m) 
is the leading term of the Taylor expansion of L{h'^{X), s) at s = m. 

In the case of the near-central point j = {i + ‘2^)12, we have the following modified conjecture. Let 
N^~^{X) = CH'^“^(X)hom ® Q be the group of {j — l)-codimensional cycles modulo homological equivalence. 
The cycle class map into de Rham cohomology defines an extended regulator map 

rv : H%\XM))®Ni-\X) ^ Hi^\X^Mj))- 

Conjecture 1.2 (Beilinson [2]). Assume j = (z-t-2)/2. 

(1) (Tate’s conjecture) We have ords=jL(/i*(X), s) = — dimQ W“^(X). 

(2) The map rx> <8 M : (iL)^]j^(X, Q(j))z © N^~^(X)) (8 R ^ iL^^(XR, R(j)) is an isomorphism. 

(3) We have Mdet{H)+\X,Q{j)h © = L*{h^{X),j) • = L*{h\X),j - 1) • 

We will now formulate a version of Beilinson’s conjectures for Grothendieck motives. Let M = (X,p) be 
a Grothendieck motive over Q with coefficients in L, where X is a smooth projective variety over Q and p 
is a projector in GH^™^(X x X)hom ©Q L. We define the Deligne cohomology of M by 

i7^(M,i) =p,(i7^(XR,R(j)) ©L). 

Let us assume that M is a direct factor of /i*(X) ® L. We have an L-function L{M, s) = L{TT'{M), s) taking 
values in L ® C. Moreover, there are natural L-structures and T>i^j{M) in det^^RFf^^(M,j). We 

define Beilinson’s regulator as 

rv : Wj^\XM{j)) FF^+^Xr, R(j)) © L ^ FF^+^M,j), 

where the last map is the projection induced by p*. Similarly, we define an extended regulator map rj) in 
the case j = {i + 2)/2. Assume Goniecture 11.11 (1) for X. Then Beilinson’s conjecture for L{M,s) can be 
formulated as follows. 

Conjecture 1.3. (1) If j > {i + 2)/2, then p*irv{detLH(^^{X,Q{j))z © L)) = L{M,j) ■ Vi^j{M). 

(2) Iff = {i + 2)12, then p,{fv{deiL{H%\XM{j))z © X^-^X)) (8 L)) = L*{M,j) • Aj(M). 

Since Conjecture 11.1 1 11 is in general out of reach, we formulate a weak version of Coniecture 1 1. 31 as follows. 

Conjecture 1.4 (Weak version). Assume M is a direct factor of h’'{X) (8 L. Let = {X,^p,i) be the 
dual motive of M. 

(1) Iff > {i + 2)/2, then there exists a subspace V o/FF)^^(X, Q(j)) such that p,„{rx>{V © L)) is an 
L-structure of and 

detp,{rv{V © L)) = L{M,j) • Aj(M) = 1 - j) ■ B^jiM). 
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(2) If j = {i + 2)/2, then there exists a subspace V of such that p^{fx>{V 0L)) 

is an L-structure of and 

detp,irv{V ® L)) = L*(M, j) • Aj(M) = L*{M'^,1- j) ■ 

Remark 1.5. We could have required a stronger property in Conjecture [131 namely that C is a subspace of 
But since we don’t consider the problem of integrality of elements of motivic cohomology 
in this paper, we leave Conjecture 11.41 as it is. 


2. Motives associated to modular forms 


Let us recall some basic properties of motives associated to modular forms. Let Y = Y(N) be the modular 
curve with full level Wstructure defined over Q and j '-Y ^ X = X{N) the smooth compactification. Let 
TT : E ^ Y he the universal elliptic curve over Y and tt : E ^ X he the universal generalized elliptic curve. 
Then E is smooth and proper over Q. For a non-negative integer k, denote the A:-fold fiber product of E over 

Y by E^ and the A-fold fiber product of E over X hy E^. Let E^ be the Neron model of E^ over X and E^’* 

_^ ^ 

the connected component. If A > 2, then E is singular. Let E ^ E he the canonical desingularization 
constructed by Deligne. 

Let / € 5fc_|_2(ri(A^), {k > 0) be a normalized eigenform. Let Kf G Che the number field generated 

by the Fourier coefficients of /. Let M{f) be the Grothendieck motive associated to / [21]. It is a motive 

, =fc 

of rank 2 defined over Q with coefficients in Kf. The motive M{f) is a direct factor of h^^^{E ) ^ Kf. By 
Grothendieck’s theorem, we have an isomorphism H^^[M{f)) (g) C = H^^^{M{f)) (g) C between Betti and 
de Rham cohomology. The Kj ® C-module H^ff^{M{f)) (g) C is free of rank 2, with basis where 

ojf = (fl-Ki)^^^ f {T)dT A dzi A • • • A dzk- 

We denote loI = where 

W 

G{x) = 

U=1 

is the Gauss sum of the Dirichlet character x and Ny. is the conductor of x- By m Lemma 6.1.1], we have 


FihH^^+\Mif)) 


'R,^+i(M(/)) ifi<0, 

< Kf ■ LJj if 1 < i < A: -|- 1, 

0 if z > A -|- 2. 

\ 


By Poincare duality, we have a perfect pairing of iL/-vector spaces 

+ 1)) X R^+1(M(/)) ^ Kf. 

Now, let / E Sk+ 2 {h'i{Nf),Xf)’^^'^, g E S^+ 2 iXi{kYg),XgY^'” (£ > A > 0) be normalized eigenforms. We 
consider the Grothendieck motive 

M{f®g) ■.= XI{f)®M{g). 

This motive has coefficients in iL/,g := KfKg and is a direct factor of 

0 ® Kf,g c X 0 Kf^g. 

Let j be an integer such that 0 < j < A and put n = k +1 + 2 — j. The Deligne cohomology of M{f ® g) (n) 
can be expressed as follows. The de Rham realization 

H^+^+\M{f 0 g)) = H^^+\M{f)) 0 HX{M{g)) 

has dimension 4 over Kf^g. Moreover FiY 0 g)) is the Kf g-line generated by uj'f 0 cOg. Then 

we have an exact sequence 

( 2 . 1 ) 0 ^ FirR^+^+ 2 (M(/ 05 )) 0 R ^ R'|+^+ 2 (M(/ 0 g){n - 1 ))+ 0 M ^ H’f+^+^{M{f 0 g){n)) 0. 

In particular 0 g){n)) is a free Kf^g 0 R-module of rank 1. 

The exact sequence (|2.1I) induces a RTj^-rational structure on ® g){n)). Let us make explicit 

a generator of this rational structure. Let be a iLj-basis of H^^{M{f))^^ and let be a iL^-basis 
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of {M{g))^. Under the comparison isomorphism (g) C = (g) C, we have 

Uf = + ajej for some a'^,aj E C. Note that E M and aj E iM. Similarly, let ujg = + a~e~. 

The -fC/^g-vector space (g) g){n — I))"'' admits as a Kf^g-hasis (ei, 62 ) where 

ei = Cj (g> g> (27ri)"'“^, 

e 2 = ej 0 ® (27ri)"'“^. 


The image of (g> o;^ in ® g){n — 1))+ (g> M under (12.11) is given by 

TT{Jf(B)uj'g) = G{xf)~^G{xg)~^a-ja^-^'^"e-f ® + G{xf)~^G{xg)~^a^ 

= G{xf)~^G{xg)~^{2TTif~'^{aja^g~'^^"^\i + a~f € 2 ). 

Thus a rational structure of 0 g)in)) is given by 



n + l 


t := G{xf)G{xg){2TTi)'^ ^ei. 

Since M{f 0 g){n — 1)^ = M{f* 0 g*){j + 1), we have a perfect pairing 

^g)in- 1 )) x 0 g*)ij + 1 )) ^ Kf^g. 

Now, let us define a canonical element U E 0 g*){j + 1)) 0 C, which we will use to pair 

with the regulator of our generalized Beilinson-Flach element. Under the canonical isomorphism 


</>dR : Hl+^+\M{n 0 M{g*){i + 1)) 4 Hl+^+\M{f ) 0 M{xf) ® M{g) 0 M{xg){j + 1)), 

the element G{xf)~^G{x^)~^ujf* ®Ug* corresponds to a ^-rational multiple of Wy ®uj{xf) ®^'g ®^{Xg): 
where uj{xf) is basis of H^-^{M{xf))- 

We recall the periods for motives associated to Dirichlet characters with coefficients in E. Let M{x) 
be the motive associated to y with coefficients in a number field E. Then the period of the comparison 
isomorphism H^{M{x)) = E{x) ^dRi^ix)) = G{x) ■ E is given by G(x)“^, where E{x) is the rank one 
U-vector space on which the Galois group Gal(Q(e^^*/'^^)/Q) acts via x and G(x) • E is the Ll-vector space 
generated by G(x) (for details, see [71 Section 6 ]). 

Under the comparison isomorphism 

0 : //^+^+2(M(/)0M(x/)0M((7)0M(x 5)(2 + 1))0C 4 Fd^+''+2(M(/)0M(x/)0M(5)0M(xg)(j + l))0C, 
we have 


(j) (g)Uj{xf) (^uj'g(g)Uj{xg)) = («/£/ +«/e/)G(age+ + ) 0 e(x/) 0 e(xg). 

Let be a iL/-basis of with (e^ ,6^’^) = 1, and let be a iL^-basis of HY~^{M{gYY 

with (e^,e^’^) = 1. We have an isomorphism 4>B{f) '■ 0 M{xf)) ^ HY^^{M{fY {—k — 1)) 

sending e^0e(x/) to a iLj^^-rational multiple of (27ri)“*^“^eJ’^. Note that (27rf)*^+^e(x/) E H^{M{xf){k + 
1))“, since x/(~l) = Therefore we have an isomorphism 

: F|+^+2(M(/) 0 M{g) 0 M(x/) 0 M{xg){j + 1)) 4 //|+'+2(M(/)^ 0 M{gY{l - n)) 

sending (27riy'''^e^ 0 0 e(x/) 0 YXg) to a rational multiple of (27rz)^“"'eJ’^ 0 e^’^. Let us define 

Vf := 4>b o 0 w(x/)) = (27rf)“^“^(ajTeJ’^ + aje'^’^) = {27riY^~^(a'f ej’^ + aje'^’^) 

and 

i^g := (27rf)-^-^(a+e“’^ + 0^6+’^). 

Also we define 

W = P*ocYg) = (27rf)“^"^(-a+eg’'^ + a3e+’^), 
where F*^ is the involution defined in [71 1.4]. We define 

U := G(x7)G(x^)zz^ 0 Iv E /7|+'+2(M(/ 0 gY Y - n)) 0 C = /7|+'+2(M(r G 9*)ij + 1)) G C. 
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Since (j)Bo4> ®djg) = <pBO(t> '^^ooi'^'g*)) is a iiT^^-rational multiple of = 

uj (8) V^, it follows that o 0 o (j)^{Vl) is a iCj^^-rational multiple of 

G{xf)G{x-gW^* ® ^ = a;/* ® G ® g*){j + 1)) ® C. 


Kf^g®C 


Lemma 2.1. The map 

® g){n - l))+ 

factors through 0 g)(n)). 

Proof. It suffices to check that (vr(a;j ^ uig), fl) = 0. We have 
{TT{uj'f0uj'g),n) = + aj a^g~^'>" ej 0e^g~^'>”), 

G{Xf)G{xf){a-^ey'^ + ajep'^) 0 (-a+e^’^) ' (27ri)“*^“^“2) 


G{Xf)Gix-g) 

G{Xf)G{xg) 


{27ri 


,-k-l-2 


= 0 . 


□ 


Lemma 2.2. We/ia?;e (t, fl) = (—l)"'+^X/(“l)Xg(“l)-^x/-^X9(^^*)^''"^ ^'^ • 

Proof. We have 

{t,n) = {G{xf)G{xg){2Triy'^-‘^{aJa^g~^^")~^e^ 0 

G{xf)G{x^){a+ey'^ + aje'^’"^) 0 (-a+e"’'^ + e+’^) • (27rz)'=“^"2) 

= G{xf)G{xj)G{xg)G{xf){‘2Tri)’'^^~‘^yaJ a^g-^^")-'^aJ {-ly+^a^g-^'i" 

= (-ir+'x/(-l)x.(-l)iVx/^X9(2^^)'^'"'^ 

since for any Dirichlet character x, we have G(x)G(x) = x(“l)-^x- 


3. Eisenstein symbols 


Here we recall Beilinson’s theory of the Eisenstein symbol [3]. Let iV > 3 be an integer. The complex 
points of E*’ are given by [9l (3.4), (3.6)] 

E'=(C) ^ X SL2(Z))\ (nxC’^ X GL2( 

where the action of SL 2 (Z) is given by 


a b 
c d 


{T]Zl,...,Zk]h) = 


ar + b ^ zi Zk fa b 

CT + d' CT + d' ’cr + d’lc d 


and the action of is given by 


(ui,ui,... ,Uk,Vk) ■ (r;zi, ...,Zk;h) = {t;zi +ui - vit, ..., Zk + Uk - VkT]h). 

Let Ek be the signature character of Gk+i on C E^+^. For i = 0,..., A;, let g* denote the composition of 
E^ E^+^ E. Denote Un = E \ E[E], where E[E] is the Wtorsion subgroup. Write = q~^{UN) 
andUy = r\-=oG^N^ CEK 

Choose go,...,gk € 0{UNy ■ Denote g = ql{go) U • • • U ql{gk) G Hyf^{Uy,Q{k + 1)). Write G = {%! 
NTPy^ X Sfc+ 1 . Here (fLjNlfy^ ~ E[A^]*’ acts on E[E'] by the natural translation. Let Ek ■ G ^ {=*=!} be 
the signature character defined by E{g) = E{a) = sign((T) for g = {t,a) ^ G = (Z/E'Z)^^ x 6fc+i. Then G 
acts on E^ and Uy. This induces the action of G on the motivic cohomology H^^{Uy,Q{k + 1)). Denote 
the idempotent corresponding to Ek by e^. Hence we have the e^-eigenspace E[^^{l{y,Q{k + 1))'^'“ and the 
projection 

pr^^: HyyyuyMk + 1)) ^ HyyyuyMk + 1 ))^'= 

defined by x |G|"^ J2g(zG^k{9)9 ■ x. 
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Let M be a positive auxiliary integer. Let j : ^ U'^ be the canonical inclusion and [xM] : —>■ 

lA'jq the multiplication by M. Then j and [xM] induce 

f : + 1 )) ^ 

and 

[xM]* : + + 

Write [xM~^] = ([xM]*)“^ o j*. Denote by + the maximal quotient of {U'j^, Q{k + 

1))'^'“ such that [xM~^] = M~^ for any M > 1. Then we have a canonical projection 

prg, : H^^\U'^,Q{k + 1)) ^ , Q{k + l)t ■ 


Theorem 3.1 ([U (8.16) Theorem]). The canonical map 


induced by a : U'^ ^ E^ is bijective. 

We write Eis^(5ro,- • ■,gk) = {a*)~^{Wekis)) £ HM^{E’^,Q{k + 1)) for 5o, - • • ,5fc e 0{UnY ■ In fact, Eis*" 
factors through the divisors Q[(Z/A^Z)^]^. Therefore we have a commutative diagram: 

®toO{UNr H^+\E\Q{k + l)) 


Div 

(g)toQ[(Z/iVZ)2]0^ e 


Eis'= 

Q[(Z/Arz)2]0 


where 9 is defined by /3 i-a [/3 0 a ® • • • 0 a] with a = N‘^[0] — '^x^{z/NZT 

Eis*^ : Q[(Z/7VZ)Y ^ H^^{E’^,Q{k + 1))'^'= 

is called the Eisenstein symbol. For a smooth projective variety X over M, let H^{X, M(j)) denote its Deligne 
cohomology. 

We now recall an explicit formula for the realization of the Eisenstein symbol. Fix an integer k >0. Let 

rp : H';+\E\Q{k + 1))^'= ^ H’^+\E^,R{k + 1)^ 


be the regulator map. 

By [HI (7.3)], the Deligne cohomology group is given by: 


H^+\ElR{k + l))c^ 


W € A’^ 0 R{k)) I d^ = i(w + i-l)^id),u; G Q’^+^{e"){D))} 

dH0{El^^,A’^-^ ^R{k)) 


where A is the de Rham complex of real valued C'°°-forms, E is a smooth compactification of E^{C) and 

D = ^ \E’^{C). 

Recall that 

E^(C) ^ (Z^^ X SL2(Z))\ (nxC^ X GL2(Z/7VZ)) . 

Write r (resp. zi,... ,Zk) for the coordinate on Ti (resp. C^). Write h for an element of GL 2 (Z/A^Z). For 
any integer 0 < j < k, define 




^ ^ ^(^)^^(t(i) a * * * a diZfjQ'^ A dZfjf^j.^i'j A * • • A dz^Q^p 
ae&k 


Let (d G Q[(Z/E'Z)2]0. Then by |9l (3.12), (3.28)] and [HI Remark after Lemma 7.1], rx)(Eis^(/3)) is 
represented by 


^^(/3) := 


fc!(fc + 2) 

N{2'Ki) 


T — T 


f 


a=0 


_ 2iri(cvi+dv2) 

E P[h • e N 

(cr+ d)*^+i-“(cr + d)“+i 


mod dr, dr 











REGULATORS FOR RANKIN-SELBERG PRODUGTS 


7 


where Yl' denotes that we omit the term (c, d) = (0,0). For brevity, for any a, 5 > 1 we put 



_ 2TTi(cvi+dv2) 

E > ^ /3(/i • e N 

(cT + dYicT + d)^ 

{c,d)&’I? v&iZ/N’L)^ ^ ^ ’ 


4. Construction of elements in the motivic cohomology 


Let k,i be non-negative integers with k < i and choose an integer j such that 0 < j < k. Write 
k' = k — j > 0 and i' = i — j > 0. Consider the following three morphisms: 

(1) p : ^ E^'+^' given by 

{t;ui, ... ,Uk’,ti, ■ ■ ■ ... ,ver^h) ... ,Uk',vi,... ,V£i;h). 

(2) A : E^'+^+^' E^'+‘^^+^' = E^+^ given by 

(t, tti,..., Uk ', ti, ■ ■ ■, , III, • • •, vp , /i) I y (t, ui ,..., Uk >, ti, • • •, , ti, • • •, , Hi, ■ ■ ■, vp , /i). 

(3) i : E^'+‘^^+‘^' = E^+^ ^ E’^ X E^ given by 

(t, Ul, . . . , Uk ', tl, • • • , tj, tl J ■ ■ ■ , tj, Hi, . . . , Vp , h) I y ((t, Hi, . . . , Uk ') tl) • • • ) tj ) h), (t, ti, . . . , , Hi, . . . , Vp , h)). 

Note that (z o A)(t; h, t, v; h) = ((r; u, t; h), (r; t, h; h)). 


Definition 4.1. For /3 G Q[(Z/AZ)^]°, denote by rY'^’Yfi) the image of Eis^ (/3) under the composite of 
morphisms: 




, Q(A;^ + 1)) 


^ Q(A:' + / + !)) 

^ q{k + l-j + 1)) 


^ X e\ q{k + i 


i + 2)). 


5. The Rankin-Selberg method 


Let L(/ ^ g,s) denote the L-function associated to the 4-dimensional Galois representation Vf ®Vg. We 
have 

L{f®9,s)= Ppif (S)g,s)~^, 

p prime 

where Pp(/( 8 ) 5 , s) = det(l — FrobpGis a polynomial in Then the polynomial Pp(/( 8 ) 5 , s) 
coincides up to the shift s i->- s — with the automorphic L-factor dehned by Jacquet in US!, and 

L{f < 8 ) g, s) converges for Re(s) > -|- 2. 

Let N be an integer divisible by Nf and Ng. Let y : (Z/AZ)^ —>■ be the Dirichlet character induced 

by XfXg- Put D{f,g,s) := E^i Un(/)an(£/)n"L By [23l Lemma 1], we have 

L(x, 2s-k-i- 2)D{f, g, s) = Rf^g^N{s)L{f ( 8 > s), 


where 

(nw® 9 , »)) E 

\p|Al / n&SiN) 

is a polynomial in the variables p~^ for p\N by |13l Theorem 15.1]. Here S{N) denotes the set of integers 
all of whose prime factors divide N. 

For any Dirichlet character w : (Tj/NTj)^ —>■ C^, dehne the Eisenstein series 


E£_k^N{T,S,Uj) = 2^ 


uj[n] 


m,n£'Z 


{NrriT + nY~^\NmT + 


Theorem 5.1 (Shimura [23l (2.4)]). We have 

[ f{'r)9{-r)Ei_k,N{T, s - 1 - x)y^~^dxdy = 2(47r)"^F(s)L(x, 2s - k - £ - 2)D{f, g, s). 

Jro{N)\n 
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Remark 5.2. Let us assume k = £. Then by [23l (2.5)] and [Ml page 220, Correction], D{f,g,s) has a pole 
at s = A; + 2 if and only if {f*,g) / 0. This is equivalent to g = f*. In this case, we have Xg = X/hence y 
is trivial. Therefore, our assumption y 7 ^ 1 excludes the case where L{ f (g) g, s) has a pole. 


6 . Computation of the regulator integral 

Let j be an integer satisfying 0 < j < k < i. Recall that we have a differential form := ujf* (z 
(g) g*){j + 1)) (g> C. Since M{f* ig) g*) is a direct factor of x E^) (g) iL/,g, we may 

consider as an element of x E^) ^ Kf^g 0 C. By the same argument as in Lemma l 2.11 and 

since 12 j^g has rapid decay at infinity, pairing with 17j ^ yields a linear map 

(•, %g) : X ElRin)) ^ Kf^g 0 C. 

Let /3 G Q[(Z/A^Z)^]°. In this section, we compute {rx>{'^’^’^’^{f3)),klf^g) in terms of the Rankin-Selberg 
L-function of / and g. At the beginning /3 is arbitrary, but from Dehnition 16.21 on. we will use a particular 
choice of f3. 


Lemma 6.1. ITe have 


p*^>^'+^'(/3) AAY%, 


(27r7)^'+7+^'+i J^k'+i+t' 


(C) 


Proof. We have 


= {rv{p*Eis^'+^'{fi)),A*i*nf,g) 


- [ p*rj,{Eis^'+^'{P)) AA*i*nfg 


p*^’‘'+^'{f3) AA*i*nf^g. 


(27ri)^'+7+^'+i J^k'+j+i' 


(C) 


□ 


Let r, zi,..., Zk+t-j denote the coordinates on E^~^^ '^(C). Note that the differential form 

A*i*Elf g = (—l)^+^+^(27ri)*^+^'''^/*(r)5r(r)(ir A dr A dzi A - ■ ■ A dzk A dzk-j+i A - ■ ■ A dzk+e-j 


already contains dr A dr. Therefore, we may neglect the terms of involving dr, dr. Moreover, we 

have 

C'i/*(T)g(r)dr A dr A A^=i~'^ dzi A dzi if a = k', 

0 if a / k', 


p*^l;k'+e',aAA*i*npg = 


with 

It follows that 

.,*^k'+£' 


Cl = ( i-^k+e+i+k'^+i(k'+e)+(k'+i+n(k'+i+e'-i)/2 k'l • f 


P*<l>k (/ 3 ) A A*i*npg 

{k'+ i')\ ■ {k'+ i' + 2) T — T 


__ 

2 


N{2'Ki) 

Cl ■ {k' + Cy. ■ {k' + P + 2 ) T — T pj^i^k'+i 


r, h) ■ p*Tpk'+e',k' A A*i*nf^g 




N{2Ti) 2 

Recall [9l (3.4)] that the complex points of Y(N) are given by 

Y{N){C) = SL2(Z)\(1R X GL 2 (Z/iVZ)). 


^1’^'''i(r, h) •/*(r) 5 (r)dr A dr A dzjAdzj. 


2=1 
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Note that dz A ctz = — 2 ilm(r). Using Lemma [ 6 TT] and integrating over the fibers of over 

Y(N), we get 

+ f+ 2)! f 


(rp(=«'^(«), !},,,) = - 


(27rO^+^-J+2 ■ N ~{k' + e’ + 1} yy(w)(c) 
We have an isomorphism of analytic spaces 

u : (Z/iVZ)^ X r{N)\H ^ Y{N){C) 


+^(r,/i)Im(r)*^+^ ^^^drAdr. 


{a, [r]) i-A 


0 -1 

’ \a 0 


Note that v{a,T) corresponds to the elliptic curve CI{'L + rZ) with basis of Wtorsion (ar/N, 1/N) in the 
moduli space. 

Let X : (Z/A^Z)^ —>■ be the Dirichlet character induced by XfXg- Assume x 7 ^ 1- 

Definition 6.2. Let /3^ € Q(x)[(Z/A^Z)^]° C iLj^g[(Z/A^Z)^]° be the divisor defined by 

X{-V2) if vi = 0, 

0 if ui 7 ^ 0 . 


ldx{vi,V2) = 


For an integer tc > 0, a € Q/Z, t and s € C, define the following standard real-analytic Eisenstein 
series as in m Definition 4.2.1]: 

^ f-'TI ' ' ' ' 


m^n^'L 


E l 

denotes that the term (m, n) = ( 0 , 0 ) is omitted if a = 0 , and 

F^«')(r,s) = (-27ri)-’^7r-^r(s + R;) y' - 

(rriT + n)"' mr -|- np® 

^ r^r-'77 ^ ' / I 'I 


^27riamj^^^Y 


m,nGX 


E ! 

denotes that the term {m,n) = (0,0) is omitted. For fixed w,a,T, these functions have mero- 
morphic continuations to the whole s-plane, and are holomorphic everywhere if rc 7 ^ 0. Note that 

y (t,s) = (-27rz)“^+*^7r"*r(s -1-^ - k)lm{Ty N^~^+‘^^Ei_k,N{T, s,uj). 


a€ 


Lemma 6.3. For any a G (Z/A^Z)^, we have 


( 6 . 2 ) 


-£'+i,fc'+i 


0 -1 

a 0 


TT 


k'+e'+i 


Proof. We have 


0 -1 
’ \a 0 


£>\Nk'+e' . lni(r)fc'+^'+i 


Pxia ^V 2 , -vi) ■ e 


TH- lim F(s-F£-fc)E£_fc_Ar(r,s,x)- 


27ri(cD2 -\-dv 2 ) 
N 


(CT -|- dY'~^^{cT + dy^i 


xivi) ■ e N 


E' E 

{c,d)£lP vi,V 2 €ZINI. 

{cT + dy {cT + dy 

{c,d)&T? vx&{TLIN%Y ^ ^ 

(-27ri)^~^7r^'+^ .j^{i-k), u , 

f! • Im(r)^'+i ^ A(^i)-^^^/Ar (U ^ + ) 

{—2TriY~'^y~^^ 

f! • Im(r)^'+i 


Y1 A(t’i)^i^/i^(u-^') by [m 4.2.2(iv)] 


vieCLINZp 


TT 


k'+l'+l 


f !Arfc'+£' . Im(r)^'+^'+i s^-i' 


lim T{s + ^ - k)Ei_k,N{T,s,x)- 
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□ 


Note that the right hand side of (|6.2p is independent of a G (Z/N’Z)^. Therefore, the contributions of the 
regulator integral over each connected component of Y{N)(C) are equal, and we have 

with 


L 


fr, -^k+i-i+i I f*{T)g*{-r)lui{Ty Urn T{s + £ - k)Ei_k,N{T,s,x)dxdy 

(27rz)'=+^ Jr(N)\H 

{-2if+^-i ■ i • • (/c' + f + 2)! 

C2 - -—^Tr-TTT—- Cl. 


^k'+e+i . in . + f + 1) 

Since the integrand is invariant under the group ro(A^), this can be rewritten as 


^k,e,j(o r .\ = iim rb«-u£-A:) f 

Jr 


Using Theorem 15.11 with f* and g*, we get 


T'o{N)\n 


f*{r)g*{-T)Ei_k,N{T, S, x)y''~^^dxdy. 


C2-N ■ (j){Ny 


(/?,)), r(s + £ - fc) • 2 • (4vr)—+ 1 + £)• 

• Rj*^g* + 1 + £)L[f* 0 g(*, s + 1 + £) 

= + l)^lim^r(s + f- tjU/* ®g*,s + 1 +f) 

= -i! ■ ®9*,i +1). 

Putting everything together, we have the following theorem. 

Theorem 6.4. Let Llf^g = Uf* Let x '■ {'^/NX)^ —>■ be the Dirichlet character induced by XfXg- 

Assume x / 1- Then we have the following identity in Kf^g^C 


W O r \ = -i-('9'7r7'i^+^-2i . T £ _ 2j + 2) ■ jl ■ (l){N) 


{r-viE ’ LlfJ = ±{27ri) ^ ^ ]x[k+t-2j 

Note that Rf*,g*,N{j + 1) is an element of Kf,g. 


dif*,g*,N{j + 1) ■ T (/* 0 g*,j + 1). 


7. Computation of residues 

In this section, we extend the motivic element to the Neron model by computing the residue. 

7.1. Voevodsky’s category of motives and motivic cohomology. For a field k, let DMg^{k) be the 
category of effective geometrical motives over k. For a scheme X over k, we have the motive Mgm{X) and 
the motive with compact support Mg^{X). We consider the Q-linear analogue of DMg^{k) denoted by 
DAIg^{k)Q. For any object M of DMg^{k)Q, we define the motivic cohomology by 

HXiiM,<Q{j)) = Hom^^eff (fc)^j(M,Q(j)[i]). 

Then it is known that 

H}^{Mgm{X),Qij)) HX,{X,Qij)) CW{X,2j - i) 
for a smooth separated scheme X over k, where CH'^{X,m) is Bloch’s higher Chow group. 

7.2. Motives for Kuga-Sato varieties. Let Y = Y{N) and X = X{N). Denote X°° = X \ Y. The 
symmetric group 6k acts on E^ by permutation, (Z/A^Z)^^ by translations, and /il by inversion in the 

fiber. Therefore we have the action of G = {{X/NXy x /X 2 )^ x &k- This action can be extended to E . Let 
Ek '■ G ^ {if} be the character which is trivial on (Z/A^Z)^^, is the product on /i^, and is the sign character 
on 6k. Then define the idempotent 

(2Nn>‘ . k\ E ■ 9 6 
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_ Ic _ h 

Let Mgm{E ((Q)q be the image of the idempotent on Mgm{E ). Also denote by Mgm{E^Y^ 

and Mg^{E^Y^ the images of on Mgm{E^) and Mgj^{E^) respectively. Write the complement of E^ in 

=fc,oo 

the smooth proper scheme E hy E 

Now we recall a result of Schappacher-Scholl m- Fix an integer N > 3 and an integer A: > 0. Recall 
X = X{N) is the compactihed modular curve of level N and E ^ X the universal generalized elliptic curve 
over X. Consider the /c-fold fiber product E = Exx ■ ■ ■ ^xE of E over X. Denote X°° = X \ Y, where 

^ ^ , =/c _^ 

Y = Y(N) is the modular curve of level N. Let E^ be the Neron model of E^ over X and E E Deligne’s 

=k 

desingularization. Then E is a smooth projective variety over Q. 

By the generalized Gysin distinguished triangle 

7 =fc,00 7 

XlgmiEY^^ ^ Mgm{E r ^ M^g^iE )"'=(1)[2] ^ MgmiE^Y'^il], 

=k 

we get the localization sequence for the pair {E , E^): 


^k 


O^H^YE ,Q{k + l)Y'^ ^ H’Y^\EYQ{k + l)Y'‘^ E% 


=Ai,oo 


where ~ H^{E'" ,Q{k)Y^ ^ ff^(X^,Q(0)) ~ Q[A°°] is dehned by 

jA = |/ : GL2(Z/NZ) f(g- = (-l)V(-5) for all a G (Z/NZ)^ and b G Z/iVz| 


Then Res*^ is GL 2 (Z/A^Z)-equivariant. Dehne the horospherical map ■ Q[(Z/AZ)^]'^ —)> by 

A(/3)(9)= E 

x=(xi,X2)G{'ZI NZ)^ 


for Y G Q[{Z/NZYY g G GL 2 (Z/A^Z), where is Bernoulli polynomial. 


Theorem 7.1 (Schappacher-Scholl [20l 7.2]). Res^ o Eis^ is a nonzero multiple of 

We denote = E^'* \E^ = E^’* xx X°° ce xq X^ (non-canonically), = E^ x E^ = 

E^’* X E^'*, X and \ Z^’^. Let i' : —>■ be the canonical closed immersion. 

Then i' induces the morphism 

Y : h^^^+Ye’^+YQ{ k + e-j + 1 )) ^ Q{k + £-j + 2 )). 

Recall that we defined the morphisms: 

Ek+e-3 E^ X E^ 


p 

Ek+i-2j ^ 

Similarly we define the morphisms 

Yjk+i-j,* _ ^ y Ek+i,* _ I _^ E^,* ^ E^,* 


and 


p 

^k-\-i—2j,* 

^k+t—j ^00 ^ ^k-\-i ^00 ^ y- 


Poo 

^k-\-i—2j 

By |25l Proposition 3.5.4], for a smooth scheme X and a smooth closed subscheme Z of codimension c we 
have the following Gysin distinguished triangle 

Mg^{X \ Z) ^ Mgm{X) ^ Mg^{Z){c)[2c] ^ Mgm{X \ Z)[l]. 
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Put m = k + i — 2j. Then the diagram 

MgmiE"^+n -^ 


Mg^{E^’*) 

p* 


A* 


I 


A* 


MgmiE'^+^^)(-j)[-2j] -^ MgmiE'^+^n{-j)[-2j] 


^ Mg„(Z™)(l)[2] 

Jpoo,. 

^ Mg^{Z^+^){l)[2] 

A^ 

^ MgmiZ^+^^)i-j + l)[-2j + 2] 


+1 


- l)[-2j - 2] -1 - l)[-2j - 2] -1 Mg^{Z^^%-j + l)[-2j + 2] 

is commutative by [6l Proposition 4.10, Theorem 4.32]. Taking cohomology, we get the following commutative 
diagram with exact rows: 




A* 


> H^\E^M{m + l)) 


A H^\E^+i,Q{m + l)) 

A* 




Mm)) 


H^+^+\E^+^’*M{m + j + l)) -^ F^^+l(^;"+^Q(m + j + l)) -^ Q(m + j)) 

i* ioo,* 

H)+^+\&^^^*Mm + j + 2)) -^ Q(m + j + 2)) -^ Q(m + j)). 


Consider the subgroup G' = 6k of G. Let be the restriction of to G', and let e'^ be the idempotent 
corresponding to 

Denote E^’^’^{f5) = o A* op*(Eis^’''^“^-^ (/?)). Consider the image of E^’^’^{f5) under the residue map 

Res'^’^’^' : Q{k + i - j + 2))^<'<^ H^j+\Z^'\ q{k + I - j))^^'>‘’<^ 

Note that can be identihed with H^{Z\Q{k))^k Q(£))^« ~ 

Proposition 7.2. (1) If j > 0, then we have Res^’^’-^ o = 0. 

(2) If j = 0, then Res*^’^’° o E^’^’^^OI) is a nonzero multiple of uj^^{l3) 6 u^^^{l5). 

Proof. (1) The image of Eisenstein symbol is contained in ,Q{k + i — 2j))®''+^-2j. Let 

A : be the diagonal embedding. We have 

A* : ^ - 2j))<+^-^^ ^ Q{k + i- . 

By |21l 1.3.1 Lemma], one has 

Q(A: + £ - Q(j 1) Cff 

Since f > 0, we have CH'^ (Gm) = 0. Therefore A* = 0. 

(2) This follows from the commutativity of the diagram. 

□ 


The closed embedding 

Zcusp -.zMeM 

induces 

X E\ Q{k + i + 1)) Q{k + i + 2)). 

Let us consider Gysin morphisms 


d ■. Mgm{Z^)il)[2] ^ MgmiE^] 
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for the pair Z^) and 

d' : MgmiZ'^ X Z^){1)[2] ~ Mg^iZ’^) ® Mgm{Z^){l)[2] ^ MgmiZ’^ X E^)[l] = Mg^{z’^) ® Mgrr,{E^)[l] 

for the pair {Z^ x &’*, Z^ x Z^). By [H Lemma 4.12], it follows that d' = (8> d. Therefore we have the 

following commutative diagram: 


HX, {Z\ Q{k)r'k hXXHeX Q{£ + 1 ))^^ 


H 


k+e+i 

M 


{ Z ^ X EXQik + e + l ))^^ k ’<'^ 


d' 


Q{k + e + 2))^^'kA) 


Res'^’^’f’ 


A HX,iZ\Q{k)r'^®QHX,{ZXQii))< 
HXX\z’^'XQ{k + e))^<'<'> 
HXJ^\Z^’XQik + 


■ ,^yn, -r ^ -r - )■ 

where /x : HX^{Z>^Mk)Y^ + l))< ^ H’^Y^+\z'^ x E\Q{k + £ + l))K-'=x) is the exterior 

product. 

Since d is surjective, ^ (8) 5 is also surjective. Hence Res^’^’^ o icusp,* is surjective. It follows that there 

exists an element € hXY^^^{Z^ x E^ ,'Q{k+^+l)Y'k'^'e) such that Res^’^’°oicusp,*('^,a) = Res^’^’°(H^’^’°(/3)). 
Now we define the generalized Beilinson-Flach element by 


BF 




"k,£,j 


m 


if j > 0, 


,^S^’^’0(/3) - icusp,*(^/3) if j = 0. 

From the definition, it is clear that 

BF^’bi(/3) g ,Q{k + i-j + ^ Q{k + £ - j + 2)Y'^=’<\ 

Note that the map i^ik + £ — j + 2))(®fc’®x) —>■ ,'£^{k + £ — j + 2))(®fc’®x) is injective. 

8. Extensions to the boundary 

To extend the motivic element (/3) to the boundary of the Kuga-Sato varieties, we use the following 
proposition. 

Proposition 8.1. ITe have an isomorphism 

X E^’*,Q{k + £-j + ~ X 1^, Q{k + £-j + 

To show the proposition, we prepare the following lemma. 




Lemma 8.2. Mgm{E^'*Y'^ — Mgm{E in DM[ 


eff 

gm 


=k,oo 

Proof of LemmalKM Let E be the complement of the smooth scheme E^ in the smooth proper scheme 

=/c,cxD,reg ^fc,oo _Aijreg _ k =/c,oo,0 ^fc,cxD,reg 

E . Let E be the intersection of E with the non-singular part E ’ of E and E C E 

=fe,oo,reg * , =k —^ —A:,reg 

the intersection of E with E^’*. Note that the morphism E —>■ E is an isomorphism over E 

by |21l Theorem 3.1.0 (ii)], hence E can be identihed with a subscheme of E and the open immersion 

fc,r0g k 

E ’ ^ E induces an isomorphism 

M^g^(EY^ ^ 

by [261 Remark 3.8 (a)]. Also the connected component E^’* is identified with a subscheme of by 

Theorem 3.1.0 (in)]- From these facts and [261 Proof of Theorem 3.3], one has 


=fc,oo 


=A:,cxD,reg 


=fc,oo,0 / 


MUE r'^^AfWE Y^^mUE ) 









14 


FRANgOIS BRUNAULT AND MASATAKA CHIDA 


By |25l Proposition 4.1.5] we have the distinguished triangles: 

^ ^ M-g^{E ^[ 1 ] 






^/c,oo ,0 , 

M^miE )HM 


+1 


Moreover one has 

since we have a decomposition E^ = IJo<(}<fc 'Eg of E^ into locally closed subsets which are invariant under 
the action of 6 fc+i • (Z/A^Z)^^ as in [201 Proof of 4.2 Theorem], where 

Yg = {(xi,..., Xk) G E^ \ exactly q of the Xj’s are in PilA^]}. 


From this fact, it follows that the inclusion E^’* ^ E‘ 


-=A:,reg 


induces 


and hence 

By duality for smooth schemes [251 Theorem 4.3.7 3], we have 

Mg^(tY'^ ^ Mg^{E’^’*YY 


□ 


Proof of Provosition f^TZl Applying Kiinneth formula [251 Proposition 4.1.7], we have 

MgmiE’^’* X E^^*Y^'kA) ~ Mg^^^ X 
By Voevodsky’s definition of motivic cohomology, we have 




Y^'kYP 


c^hue 


=k =e 


xf; 


for any i,j. This completes the proof. 


□ 


Via the isomorphism in Proposition 8.1, we can consider BF^’^’-^(/3) as an element of P[^^~^^{E x E , Q(F+ 
j + 2 ))(®‘^’®«). 

Proposition 8.3. ITe have {rv{BF^’^’YP)),^f,g) = 

Proof. The regulator map is compatible with the contravariance of morphisms by HU 8.1 .a)]. Therefore it 
is enough to show that (rx)(icusp ACh)),^f,g)=0- 

By Jannsen’s formula for the regulator in m page 45], the image of the regulator map is represented by 
an integral along x E^. Since f* is a cusp form, the differential form LVf* vanishes on the cycle Z^. Hence 
the differential form Flf^g vanishes on the cycle Z^ x E^. Therefore the regulator integral vanishes. □ 


9. Application to Beilinson’s conjecture 
Consider the projection to the / ( 8 ) ( 7 -component 

pr^,^ : x + ^ + 2 - ^ g)^^{k + I+ 2 - j)). 

Our results admit the following consequence for Beilinson’s conjecture for the motive M(f^g)(k+i+2—j). 
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Theorem 9.1. Let f G Sk+ 2 (^i{^f),Xf) g G Si^ 2 iJ'i{^g)iXg) be newforms with k,i > 0. Let N be an 
integer divisible by Nf and Ng, and let j be an integer satisfying 0 < j < min(fc,£). Assume XfXg 7 ^ 1 

_ k- _ f 

Rf,g,N{j + 1) / 0. Then there is an element a G IL^^~^^{E x E , Q{k + ^ + 2 — such that 

P^f,g°^'Di^) = L*{M{f ^g){k + £ + 2 - j)^(l), 0 ) • t mod K^g, 

where t is a generator of the Kf^g-rational structure in H^^^^{M{f g),M{k + i + 2 — j)). 

Proof. Note that Rf^g^Nij + 1) 7 ^ 0 is equivalent to -R/*,g*,A(j + 1) 7 ^ 0. The theorem follows from Lemma 
12.21 Proposition 16.41 Proposition 18.31 and the fact that Llf^g is a ^-rational multiple of fl. □ 

Using the compatibility of Beilinson’s conjecture with respect to the functional equation |19l (2.2.2)], we 
get the following corollary. 

Corollary 9.2. Under the assumptions of Theorem \9.1\ the weak version of Beilinson’s conjecture for 
R{f ^g,k + i + 2 — j) holds. 

Remark 9.3. (1) The factor Rf^g^NU +1) is a product of local terms Rf^g^p{j +1), where p runs through 

the prime factors of N. If p divides exactly one of the integers Nf and Ng, then g p(s) = 1 by m 
Theorem 15.1]. If p divides N but doesn’t divide NfNg, then Rf^g^p{s) = 1 — Xfip)Xg{p)p^~^^~^'^~'^^ 
by [23l Lemma 1] and it may happen that Rf^g^p{j + 1) = 0, for example \i j = k = I and p = 1 
mod \cm.{Nf, Ng). Therefore, it is best to choose N = \cm.{Nf,Ng) in Theorem 19.11 Moreover, it is 
easy to see that + 1) 7 ^ 0 if /c + f — 2j 0 {0,1,2} by [13 Theorem 15.1]. 

(2) The assumption Rf^g^jg{j + 1) 7 ^ 0 is necessary. We give an example. There is a newform / of weight 8 , 
level 39 with character (—) such that 03 (/) = —27 (it is called 39.8.5a in the modular forms database 
http://www.lmfdb.org/). Also there is a newform g of weight 8 , level 3 with trivial character 
such that a 3 {g) = —27 (it is called 3. 8 .a in the modular forms database). Let ttj = (S)v'^f,v and 
TTg = 0), TTg^y Le tLe automorphic representations generated by / and g. Then it is easy to see that 
TT/^s and TTg ^3 are special representations of the form sp(iT/^ 3 | | 2 ) and sp(cTp^ 3 ] \~’^,<Jg,'i\ I 2 ), 

where cjj ^3 and crp ^3 are unramified characters of Q 3 satisfying 177 ^ 3 ( 3 ) = o'g,3(3) = —1. By [T3l 
Theorem 15.1], we have 

L(7rp3 (g) TTg^ 3 , s) = L(cr/, 30 - 3 , 3 , s)L(o-/, 30 - 3 , 3 , s + 1) = (1 - 3“’')(1 - 3“’'"^). 

Hence the Euler factor of L{f ^ g,s) = L{'iTf g) iTg, s — 7) at 3 is given by (1 — a3{f)a3{g)3~’^~^^){l — 
«3(/)a3(fl')3“^) = (1 — 3® • 3“^+^)(l — 3® • 3“^^). On the other hand, the Euler factor of D{f,g, s) at 
3 is 1 - a3if)a3ig)3-^ = 1 - 3*^ • 3“". Therefore Rf,g,Nis) = I - 3^ ■ 3-"+^ = 1 - 3^ • 3-". If j = 6, 
then Rf,g,39ij + 1) = 0. 
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